Abstract. Let X = G P be a complex flag manifold and E → X be a G-homogeneous holomorphic vector bundle. Fix a U -invariant Kähler metric on X with U ⊆ G maximal compact. We study the sheaf of nearly holomorphic sections and show that the space of global nearly holomorphic sections in E coincides with the space of U -finite smooth sections in E. The degree of nearly holomorphic sections defines a U -invariant filtration on this space. Using sheaf cohomology, we determine in suitable cases the corresponding Hilbert series. It turns out that this is given in terms of Lusztig's q-analog of Kostant's weight multiplicity formula, and hence gives a new representation theoretic interpretation of these formulas.
Introduction
In [24] Shimura introduced the notion of nearly holomorphic functions on Kähler manifolds in the course of his investigation of automorphic forms on classical bounded symmetric domains. It turned out to be an "indispensable tool for the algebraicity of the critical values of certain zeta functions" [27] . In this article, we consider a generalized notion of nearly holomorphic sections of holomorphic vector bundles on Kähler manifolds. The first natural question to answer is the existence of non-trivial nearly holomorphic sections. Unlike the bounded symmetric case, for compact Kähler manifolds this is a highly non-trivial question. We obtain the following positive result on generalized flag manifolds by means of representation theoretic methods.
Theorem A. Let X = G P be a generalized flag manifold, and E = G × P E o be the G-homogeneous vector bundle associated to a simple P -module E o . Let U ⊆ G be maximal compact, and h be a U-invariant Kähler metric on X. Then, the space N (X, E) of nearly holomorphic sections in E coincides with the space of U-finite smooth sections in E, N (X, E) = C ∞ (X, E) U −finite .
In particular, N (X, E) is a dense subspace of C ∞ (X, E) (with respect to uniform convergence). There is a notion of the degree of a nearly holomorphic section, which provides a filtration of N (X, E), and the space N m (X, E) of nearly holomorphic sections of degree ≤ m is U-invariant and finite dimensional. The second goal of this article is to determine the corresponding Hilbert series, where ch(M) denotes the formal character of a U-module M. As a first step, we show (in the setting of a general Kähler manifold) that the sheaf N m (E) associated to nearly holomorphic sections of degree ≤ m is a finitely generated locally free analytic sheaf and gives rise to an exact sequence of sheaves (see Theorem 1.1),
H(N •
where Sym m denotes the m'th symmetric power of the holomorphic tangent bundle. Using sheaf cohomology, this determines the Hilbert series up to higher cohomology terms. Applying cohomological vanishing results due to Broer [2] , this yields the Hilbert series in the case of the full flag variety X = G B, where P = B is a Borel subgroup. Here L * µ = L −µ denotes the dual line bundle, Λ is the weight lattice associated to a torus T ⊆ B, Λ + ⊆ Λ is the set of dominant weights, and V * λ denotes the dual of the U-module with highest weight λ. Lusztig's polynomials m µ λ (q) are defined [17] in purely combinatorial terms by m
where W denotes the Weyl group, ρ is the half sum of positive roots, and ℘ q is the q-analog of Kostant's partition function, i.e., the coefficient of q m in ℘ q (ν) is the number of ways to write ν ∈ Λ + as the sum of precisely m positive roots. These polynomials occur in various branches of representation theory. In the special case µ = 0 (corresponding to the trivial line bundle), the polynomials m 0 λ (q) were first constructed, independently, by Hesselink [11] and Peterson [20] . They discovered that the polynomials m 0 λ (q) are the coefficients of the Hilbert series corresponding to the (graded) coordinate ring of the nilpotent cone in the Lie algebra g of G. Prior to this, Kostant [15] determined this Hilbert series in terms of generalized exponents by an investigation of G-harmonic polynomials on g. For general µ, Lusztig and Kato proved that the m µ λ (q) are closely related to certain Kaszdan-Lusztig polynomials and hence encode deep combinatorial and geometric information, see [7] . We also like to mention that there is a close connection between the filtration of nearly holomorphic sections and the Brylinski-Kostant filtration of U-modules [7, 9, 13] , which will be the topic of a subsequent article.
For a general flag manifold X = G P and a G-homogeneous vector bundle E = G × P E o , we show that (0.3) still holds true under the additional assumption that E satisfies the cohomological vanishing condition
where Sym m denotes the m'th symmetric power of the holomorphic tangent bundle, and when Lusztig's polynomials are replaced by their parabolic versions, see Theorem 3.3. The vanishing condition is essentially a condition imposed on the highest weight µ of the simple P -module E o . The list of known results given in Section 3.2 leads to the conjecture that (V) holds for any dominant highest weight µ. In the case of Hermitian symmetric spaces we confirm this by applying the results of [23] which are based on a detailed analysis of nearly holomorphic sections in this setting.
Even though nearly holomorphic sections (and the corresponding higher order Cauchy-Riemann operators, see Section 1.1) are naturally defined on general Kähler manifolds, they have been studied in detail only in quite restricted cases: for line bundles on bounded symmetric domains see [5, 18, 24, 25, 28, 29] , the case of the Riemann sphere is discussed in [19] , and general compact Hermitian symmetric spaces are investigated in [22, 23, 25] . Some general results concerning higher order Laplacian operators associated to Cauchy-Riemann operators of the trivial line bundle are obtained in [5] . For further applications of nearly holomorphic sections and Cauchy-Riemann operators in representation theory, see [16, 26, 30, 31] .
We briefly outline the content of this article. Section 1 is concerned with the theory of nearly holomorphic sections on general Kähler manifolds. We follow Engliš and Peetre [5] and introduce nearly holomorphic sections as elements of the kernel of some (higher order) CauchyRiemann operator. In this way, it is clear that we obtain a sheaf of nearly holomorphic sections, and the main goal is to show exactness of the sequence (0.2) in Theorem 1.1. From Section 2 onwards, we consider generalized flag manifolds X = G P . We briefly recall the classification of U-invariant Kähler structures on X and give an explicit description of the higher order Cauchy-Riemann operators. This is the key in proving Theorem A. In Section 3, we use equivariant cohomology to prove the generalized version of Theorem B mentioned above, see Theorem 3.3, and discuss the cohomological vanishing condition.
1. Nearly holomorphic sections 1.1. Cauchy-Riemann operators. Let (X, h) be a Kähler manifold with Kähler metric h, and let E → X be a holomorphic vector bundle. Let T 1,0 denote the holomorphic and T 0,1 denote the antiholomorphic tangent bundle on X. The metric induces a vector bundle isomorphism (T 0,1 ) * ≅ T 1,0 , which also induces an isomorphism between the spaces of smooth sections of (T 0,1 ) * and of T 1,0 . The composition of thē ∂-operator of E and this isomorphism defines the Cauchy-Riemann operatorD,
Since E ⊗ T 1,0 is again a holomorphic vector bundle, iterates of the Cauchy-Riemann operator are defined in the obvious way. By abuse of notation, we simply writē
Since h is a Kähler metric, and hence satisfies some symmetry properties, it turns out [24 
The kernels of these higher order Cauchy-Riemann operators define the filtered vector space of nearly holomorphic sections,
For f ∈ N (X, E), the minimal m such that f ∈ N m (X, E) is called the degree of f .
1.2.
Sheaf of nearly holomorphic sections. For a holomorphic vector bundle E → X, let O(E) and C ∞ (E) denote the sheaves of holomorphic and smooth sections in E, i.e., for open U ⊆ X,
We may consider both sheaves as analytic sheaves, i.e., sheaves of O Xmodules, where O X is the structure sheaf of the complex manifold X. Then,D m+1 induces a homomorphism of analytic sheaves,
Hence, the kernel is an analytic sheaf, which we call the sheaf of nearly holomorphic sections of degree ≤ m and denote by N m (E) ∶= kerD m+1 . We note that N 0 (E) = O(E), and for m ≥ 1 there is a natural inclusion
is a short exact sequence of locally free analytic sheaves on X.
Proof. We first note that the sequence is well-defined, since for any
, and the image gets annihilated byD, i.e., consists of holomorphic sections. For exactness, it is clear that ι is injective, and by definition N m−1 (E) is the kernel ofD m . It remains to show thatD m is a surjective homomorphism of sheaves. We show that each x ∈ X has a neighborhood U ⊆ X for which the equationD m f = g is solvable for all
Recall the following local characterization of nearly holomorphic sections [23]: Since X is Kähler, the metric h is locally given by a Kähler potential, so we can choose U ⊆ X with local coordinates (z 1 , . . . , z n ) and a smooth map Ψ ∶ U → R such that the metric coefficients are given by
, nearly holomorphic sections are characterized as polynomials in the functions Q ℓ with holomorphic coefficients, i.e., f ∈ C ∞ (U, E) is nearly holomorphic of degree ≤ m if and only if
Here, we use standard multi-index notation, so for I = (i 1 , . . . , i n ) ∈ N n 0 we set I ∶= ∑ n ℓ=1 i ℓ , and
Moreover, the coefficients f I ∈ O(U, E) are uniquely determined by the choice of the Kähler potential. This shows that N m (U, E) is a free O X U -module of finite rank, hence N m (E) is a locally free analytic sheaf. Now consider a holomorphic section g ∈ O(U, E ⊗ Sym m ). Let ∂ 1 , . . . , ∂ n be the local frame for the holomorphic tangent bundle T 1,0 induced by the coordinate functions. For a multi-index I ∈ N n 0 with I = m set
where S m denotes the symmetric group on {1, . . . , m} and
Then ∂ I is a section of Sym m on U, and the set of all ∂ I with I = m forms a local frame for Sym m . Consider the decomposition
with holomorphic g I ∈ O(U, E) and define
It is straightforward to check that
where e k denotes the k'th standard unit vector in R m , so I − e k = (i 1 , . . . , i k − 1, . . . , i n ) and likewise J − e k = (j 1 , . . . , j k − 1, . . . , j n ). By induction on 0 ≤ r ≤ m, it readily follows that
For any sheaf F on X, let H k (X, F ) denote its k'th cohomology. By Cartan-Serre theorem, coherence of N m (E) implies finiteness:
In particular, since N m (X, E) = H 0 (X, N m (E)), the space of global nearly holomorphic sections of degree ≤ m is finite dimensional if X is compact, see [23, Proposition 1.10] for a proof of this fact using elliptic operator theory. We also note the following consequence of Theorem 1.1.
is an exact sequence.
Proof. The short exact sequence in Theorem 1.1 yields the long exact cohomology sequence
We have to show that H 1 (X, N m−1 (E)) = 0. For m = 1 this follows from N 0 (E) = O(E) and the assumption for ℓ = 0. Now let m > 1. Since Theorem 1.1 also applies for each 0 ≤ ℓ < m, we obtain the exact sequence
and it follows by induction on ℓ that
Remark 1.4. If X is a smooth projective variety (as in the case discussed below), there are natural isomorphisms
for all k, where π ∶ (T 1,0 ) * → X is the holomorphic cotangent bundle and O alg (π * E) denotes the sheaf of algebraic sections in the pull-back bundle π * E. In some cases it is convenient to formulate cohomological vanishing conditions as in Corollary 1.3 (for all m ≥ 0) by vanishing conditions on the pull-back bundle.
2. Cauchy-Riemann operators on flag manifolds 2.1. Generalized flag manifolds. We now turn to the setting of generalized flag manifolds, so X = G P where G is a complex simple simply connected Lie group and P ⊆ G is a parabolic subgroup. We also fix a Borel subgroup B ⊆ P and a maximal torus T ⊆ B with corresponding root data ∆ ⊆ Φ + ⊆ Φ ∶= Φ(g, t), where ∆ = {α 1 , . . . , α ℓ } are the simple and Φ + the positive roots. Here and in the following, lower case Gothic letters denote Lie algebras of the corresponding Lie groups. We may also assume that P is standard parabolic with respect to the given root data, so P = P Π for Π ⊆ ∆. In more detail, we have the disjoint union
and setting
where g α denotes the α−root space of g, we obtain
The latter is the Levi decomposition of p. Let B denote the Killing form of g. For each α ∈ Φ, define H α by α(H) = B(H, H α ) for all H ∈ t, and choose a system {x α ∈ g α α ∈ Φ} such that [x α , x −α ] = H α and the structure constants N α,β defined by
algebra u. Then, X can be identified as a real manifold with the quotient X ≅ U K where K ∶= U ∩ P . We also note that θp = n − ⊕ l.
Invariant Kähler structures.
We briefly recall the classification of U-invariant Kähler metrics on X = G P , for details we refer to [1] . The holomorphic and antiholomorphic tangent bundles are Ghomogeneous vector bundles, which we identify as fiber products
with the P -action on the canonical fiber given by
For simplicity, we underline elements to denote their equivalence classes. In the compact picture X ≅ U K, we may identify these bundles via the canonical K-equivariant isomorphisms n − ≅ g p and n + ≅ g θp with
Now, a U-invariant Kähler metric h ∶ T 0,1 × T 1,0 → C on X is uniquely determined by its restriction to the base point o = eK, so h uniquely corresponds to a K-invariant non-degenerate bilinear form
There is an additional property of h o reflecting closedness of the Kähler form associated to the Kähler metric. It turns out that h o is of the form
where B is the Killing form of g, and C o is an element of the cone
Such an element C 0 is uniquely determined by h o . Recall that z(l) consists of elements H ∈ t satisfying α(H) = 0 for all α ∈ ∆. Conversely, any such form extends to a U-invariant Kähler metric, so z(l) + is the moduli space of U-invariant Kähler metrics on X. We like to note the coincidence that the U-orbit of iC o is an adjoint orbit in u isomorphic to X ≅ U K, and h o corresponds to the Kirillov-Kostant-Souriau form attached to this orbit. We finally note that for α, β ∈ Ξ + and the root vectors x α , y β chosen in Section 2.1, we have
For later use, we also set c α ∶= α(C o ) for any α ∈ t * .
2.3. Cauchy-Riemann operators. The goal of this section is to determine an explicit formula for the higher order Cauchy-Riemann operators. Let E → X be a G-homogeneous holomorphic vector bundle, so E = G × P E o where E o is a P -module. The formula in question will be given in the compact picture, i.e., smooth sections in E are represented as smooth maps f ∶ U → E o satisfying the equivariance condition
We first recall a formula for the∂-operator on such sections, see e.g. [6] . For v ∈ u, let R v f denote the right derivative of f along v,
and for x ∈ g, let R C x f denote the complexified derivative defined by
Then, identifying the antiholomorphic cotangent bundle (T 0,1 ) * with U × K (n + ) * as in (2.4), the∂-operator yields a section∂f in E ⊗ (T 0,1 ) * which is given by∂
The next step is to determine the first order Cauchy-Riemann operator. For α ∈ Ξ + , we set R α ∶= R C xα with x α given as in Section 2.1. Combining (2.5) and (2.6) it readily follows that the first order Cauchy-Riemann operator is given bȳ
We note that if the canonical fiber E o of E is a simple P -module, then the unipotent radical of P acts trivially on E o , so the term x α .f (u) in (2.7) vanishes. However, in general the canonical fiber of the tensor product bundle E ⊗T 1,0 is not simple, so for the iterates of the CauchyRiemann operator we also need the second term in (2.7).
For m ≥ 1 and a tuple α = (α 1 , . . . , α m ) ∈ Ξ m + , we set y α ∶= y α 1 ⊗ ⋯ ⊗ y αm , and thus obtain a basis {y α α ∈ Ξ m + } of (n − ) ⊗m . In particular, a section f ∈ C ∞ (X, E ⊗ (T 1,0 ) ⊗m ) admits a decomposition
Proposition 2.1. Let X = G P , and let E = G × P E o be the Ghomogeneous vector bundle associated to a simple P -module E o , and fix m ∈ N. In the compact picture, the action of the Cauchy-Riemann
where σ(α) ∶= (α σ(1) , . . . , α σ(m) ), and For the proof of Proposition 2.1, letD α be the operator defined by the decomposition (2.8), which acts on functions f ∈ C ∞ (U, E o ). We then show that (2.9) holds. where N α,β are the structure constants defined in (2.1).
Proof. For the proof it is more convenient to identify the canonical fiber n − of T 1,0 with g p in order to have simple formulas for the p-action on n − . As in (2.3) we underline elements to denote their equivalence classes. Applying (2.7) to the sectionD m−1 f yields
We note that the summation over α ′ k ∈ Φ + yields the same as the summation over α
Using the recurrence relation of Lemma 2.3 we now prove Proposition 2.1 by induction on m. For m = 1, (2.8) and (2.9) reduce to (2.7), since E o is assumed to be a simple P -module. Now let m > 1. Due to Lemma 2.3 and by induction hypothesis, we havē
We next consider the sum over the second term. For fixed 1 ≤ k ≤ m−1, the symmetric group S m−1 can be written as disjoint union
Recall that R α = R C xα denotes the complexified right derivative of functions on U. Therefore, the map x ↦ R C x with x ∈ g is a Lie algebra homomorphism, so in particular, N α,β R α+β = [R α , R β ]. Therefore, the second term yields
Collecting everything together we obtain
It remains to show that the coefficients have the appropriate form. For convenience we set γ ∶= σ(α). Recall that c α = α(C 0 ), so that c α is additive in α, i.e., c α+β = c α + c β . It follows that c −1
We thus conclude that
This completes the proof of Proposition 2.1.
2.4.
Proof of Theorem A. We will now prove that the space of nearly holomorphic sections in E coincides with the space of U-finite smooth sections in E: E) is U-invariant, since Cauchy-Riemann operators are equivariant for bundle morphisms that restrict to isometries on the base manifold, see e.g. [5] . For flag manifolds, this equivariance is also obvious from Proposition 2.1. It follows that N m (X, E) consists of U-finite vectors. Conversely, let f ∈ C ∞ (X, E) be U-finite, and let V ∶= span C (U.f ) denote the finite dimensional subspace generated by the U-action on f . In the compact picture, the action of v ∈ u on F ∈ V is given (up to a sign) by left derivation,
Let L C x F denote the complexified action of x ∈ u C = g. Since V is finite dimensional, it follows that L C x 1 ⋯L C xm F = 0 for all F ∈ V and x 1 , . . . , x m ∈ n + if m is sufficiently large m ≫ 0. Since L v = −R v at u = e, we conclude from Proposition 2.1 that (D m F )(e) = 0 for all F ∈ V and sufficiently large m ≫ 0. Now, the U-equivariance of the Cauchy-Riemann operators yieldD m f (u) = 0 for all u ∈ U, i.e., f is nearly holomorphic. This proves (2.10). Finally, recall the general fact on induced representations, that the space of U-finite smooth sections in E is dense in C ∞ (X, E) with respect to uniform convergence. This completes the proof of Theorem A.
Hilbert series on flag manifolds
We retain all definitons of the last section concerning generalized flag manifolds and the associated root data.
3.1. P -version of Lusztig's polynomials. Recall that Ξ + denotes the set of roots with root spaces contained in the nilradical n + of p. The P -version of Kostant's partition function is defined in a formal way by
In other words, the coefficient of q m in ℘ P,q (λ) is the number of ways to write λ ∈ Λ as the sum of precisely m (not necessarily distinct) roots in Ξ + . Then, Lusztig's polynomials (0.4) generalize to
where ρ is the half sum of positive roots, and W is the Weyl group of (g, t). For P = B and q = 1, this is the classical Kostant multiplicity formula which determines the dimension of the µ-weight space in a simple U-module of highest weight λ. The link between these purely combinatorial formulas and the geometry of the flag manifold X = G P is given below in Proposition 3.1. There, we determine the graded Euler character of a G-homogeneous vector bundle E = G × P E o defined by
where
denotes the usual Euler character of a G-homogeneous vector bundle
Here, ch(M) denotes the formal character of a finite dimensional G-module M. Let Λ + P denote the set of P -dominant weights of the weight lattice Λ, so λ ∈ Λ + P if λ(H α ) > 0 for all α ∈ Π. Then Λ + P ⊇ Λ + , and Λ + P parametrizes the set of simple P -modules by their highest weights. With our choice of positivity in the root system, it is more convenient to formulate the following statements by means of the dual vector bundle E * = G × P E * o . For example, the Borel-Weil theorem states that O(X, E * ) is non-trivial if and only if the highest weight µ of E o is dominant, and in this case, O(X, E * ) ≅ V * µ , where V * µ denotes the dual of the simple U-module V µ the highest weight µ, and all higher cohomology of O(E * ) vanishes.
Proposition 3.1. Let E µ = G × P E o be the G-homogeneous vector bundle on X = G P associated to the simple P -module E o of highest weight µ ∈ Λ
Proof. For P = B, this is a well-known result of Brylinski [4] , based on the work of Hesselink [10] . The case of general parabolic subgroups is partially discussed more recently in [8] . Let L ν = G × B C ν denote the line bundle on G B associated to ν ∈ Λ, and let pr * Sym m be the pullback of Sym m along the canonical projection pr ∶ G B → G P . Then,
, and applying Leray spectral sequences to the push forward of L −µ along pr one shows [8, Lemma 3.25 ] that
Since the B-module g p admits a filtration by B-stable subspaces such that consecutive quotients are the root spaces in n − and hence enumerated by Ξ − = −Ξ + , it follows by additivity of the Euler character
Finally, the character χ(G B, L −τ ) is determined by the Borel-WeilBott theorem, and comparison of the coefficients yields (3.2).
3.2. Cohomological vanishing condition. We now consider vector bundles E → X satisfying the following cohomological vanishing condition:
We note that this condition is equivalent to
where π ∶ (T 1,0 ) * → X is the holomorphic cotangent bundle considered as algebraic variety, see Remark 1.4. For G-homogeneous vector bundles E µ = G × P E o with simple P -module E o , this vanishing condition is a condition on the highest weight µ ∈ Λ + P of E o . It is known that (V) holds in the following cases:
• Any line bundle E µ = G × P C µ with dominant µ ∈ Λ + .
[3]
• P = P Π with Π = 1 (sometimes called 'minimal parabolic') and dominant µ ∈ Λ + . [3, 8] • Any P and µ = µ ′ − 2ρ P with µ ′ ∈ Λ + P -regular (i.e., µ ′ (H α ) ≠ 0 for all α ∈ Π), where ρ P is the half sum of roots in Ξ + . [8] • G of type A n , any P and dominant regular µ ∈ Λ + . [8] The detailed analysis of nearly holomorphic sections in [23] extends this list by the following result: Proposition 3.2. Let X = G P be Hermitian symmetric, i.e., the nilradical n + of p is abelian. Then (V) is satisfied for any vector bundle E = G × P E o associated to a simple P -module E o with dominant highest weight µ ∈ Λ + .
Proof. Since n + is abelian, it follows that n + acts trivially on the canon- We expect (V) to be true for arbitrary parabolic P ⊆ G and dominant µ ∈ Λ + . In any case, assuming (V), we show that the Euler character Theorem 3.3. Let X = G P be a generalized flag variety, and let E µ = G × P E o be the G-homogeneous vector bundle with simple Pmodule E o of highest weight µ ∈ Λ + P . Assume that E µ satisfies (V). (X, E * µ ), and O(X, E * µ ) = N 0 (X, E * µ ) holds by definition. Remark 3.4. We note that Theorem 3.3 provides another proof of Theorem A for vector bundles satisfying the vanishing condition (V), without using the explicit form of the Cauchy-Riemann operators: The Hilbert series shows that the space N (X, E * µ ) of nearly holomorphic sections contains the simple U-module V * λ with multiplicity m µ λ (P ; 1). On the other hand, it is well known due to Frobenius reciprocity and Kostant's branching theorem (see e.g. [14] ), that the multiplicity of V * λ in the space of U-finite smooth sections in E * µ also coincides with m µ λ (P ; 1). Therefore, any U-finite smooth section in E µ must be nearly holomorphic. The other inclusion follows from U-invariance and finite dimensionality of N m (X, E * µ ) for all m ≥ 0. As a consequence of the proof of Theorem 3.3 we also obtain:
Corollary 3.5. Let X = G P , E o be a simple P -modules, and let E = G × P E o satisfy (V). Then there is a U-equivariant isomorphism Considering the holomorphic cotangent bundle π ∶ (T 1,0 ) * → X as an algebraic variety, the right hand side of (3.3) can also be identified with algebraic sections in the pull-back bundle π * E * over (T 1,0 ) * , see also Remark 1.4.
Remark 3.6. In the case of Hermitian symmetric spaces, the decomposition of the symmetric powers of n − into simple K-modules is well known due to Hua [12] , Kostant, and Schmid [21] . Applying Corollary 3.5 to the trivial line bundle E = X × C then provides a connection between the Hua-Kostant-Schmid decomposition and the Cartan-Helgason decomposition of L 2 (X) by means of the Borel-Weil theorem.
